We show that the analyticity of semigroups (Tt) t 0 of selfadjoint contractive Fourier multipliers on L p -spaces of compact abelian groups is preserved by the tensorisation of the identity operator of a Banach space for a large class of K-convex Banach spaces, answering partially a conjecture of Pisier. We also give versions of this result for some semigroups of Schur multipliers and Fourier multipliers on noncommutative L p -spaces. Finally, we give a precise description of semigroups of Schur multipliers to which the result of this paper can be applied.
Introduction
In the early eighties, in a famous paper on the geometry of Banach spaces, Pisier [Pis3] showed that a Banach space X does not contain ℓ 1 n 's uniformly if and only if the tensorisation P ⊗ Id X of the Rademacher projection
induces a bounded operator on the Bochner space L 2 (Ω, X) where Ω is a probability space and where ε 1 , ε 2 , . . . is a sequence of independant random variables with P (ε k = 1) = P (ε k = −1) = 1 2 . Such a Banach space X is called K-convex. The heart of his proof relies on the fact, proved by himself in his article, that if X is a K-convex Banach space then any w * -continuous semigroup (T t ) t 0 of positive unital selfadjoint Fourier multipliers on a locally compact abelian group G induces a strongly continuous bounded analytic semigroup (T t ⊗Id X ) t 0 of contractions on the Bochner space L p (G, X) where 1 < p < ∞. In 1981, in the seminars [Pis1] and [Pis2] which announced the results of his paper, he stated several natural questions raised by his work. In particular, he conjectured that the same property holds for any w * -continuous semigroup (T t ) t 0 of selfadjoint contractive operators on a space L ∞ (Ω) where Ω is a measure space (see also the recent preprint [Xu, Problem 11] for a more general question). Note that it is well known that such a semigroup induces a strongly continuous bounded analytic semigroup of contractions on the associated L p -space L p (Ω) and the conjecture says that the property of analyticity is preserved by the tensorisation of the identity Id X of a K-convex Banach space X.
Using operator space theory (see [ER] , [Pau] and [Pis7] ), a quantised theory of Banach spaces, we are able to give the following partial answer to this purely Banach spaces question. First of all, let us recall that an operator space E is OK-convex if the vector valued Schatten space S p (E) is K-convex for some (equivalently all) 1 < p < ∞. It means that the Rademacher projection P is completely bounded. This notion was introduced by [JuP] and is the noncommutative version of the property of K-convexity. Our main result is the following theorem. 
This result can be used, by example, in the case where the Banach space X is an L q -space or a Schatten space S q with 1 < q < ∞. Our methods also give a result for some w * -continuous semigroups of Schur multipliers and a generalization for semigroups of Fourier multipliers on amenable discrete groups.
The paper is organized as follows. Section 2 gives a brief presentation of vector valued noncommutative L p -spaces, Fourier multipliers on group von Neumann algebras and Schur multipliers. We introduce here some notions which are relevant to our paper. The next section 3 contains a proof of Theorem 1.1. Finally, in Section 4, we describe the semigroups of Schur multipliers to which the results of this paper can be applied. This result is of independent interest.
Preliminaries
The readers are referred to [ER] , [Pau] and [Pis7] for details on operator spaces and completely bounded maps and to the survey [PX] for noncommutative L p -spaces and the references therein. If T : E → F is a completely bounded map between two operators spaces E and F , we denote by T cb,E→F its completely bounded norm.
The theory of vector valued noncommutative L p -spaces was initiated by Pisier [Pis5] for the case where the underlying von Neumann algebra is hyperfinite and equipped with a faithful normal semifinite trace. Suppose 1 p < ∞. Under theses assumptions, for any operator space E, we can define by complex interpolation 
In particular, this result applies to canonical conditional expectations. Recall that a linear map
The above proposition give an example of regular map.
Suppose that G is a discrete group. We denote by e G the neutral element of G. For f ∈ ℓ 1 (G), we write L f for the left convolution by f acting on ℓ 2 (G) by:
for any h ∈ ℓ 2 (G) and any g ′ ∈ G. Let VN(G) be the von Neumann algebra generated by {L f } f ∈ℓ 1 (G) . This VN(G) is called the group von Neumann algebra of G and is equal to the von Neumann algebra generated by {λ g } g∈G , where λ g is the left translation acting on ℓ
It is an finite algebra with normalized trace given by
with the usual integration on the dual groupĜ of G under the mapping
Moreover, it is well known that G is discrete if and only if the dual groupĜ is compact. Let G be a discrete group. Recall that the von Neumann algebra V N (G) is hyperfinite if and only if G is amenable [SS, Theorem 3.8.2] . A Fourier multiplier is a normal linear map
In this case, we denote T by
By [DCH, Corollary 1.8] , if the discrete group G is amenable, every contractive Fourier multiplier
If I is an index set and if E is a vector space, we write M I for the space of the I × I matrices with entries in C and M I (E) for the space of the I × I matrices with entries in E. [Pau] ).
Let M be a von Neumann algebra equipped with a semifinite normal faithful trace τ . Suppose that T : M → M is a normal contraction. We say that T is selfadjoint if for all
In this case, it is not hard to show that the restriction
. By complex interpolation, for any 1 p ∞, we obtain a contractive map T : 
where Σ θ = {z ∈ C * : |Arg(z)| < θ} denotes the open sector of angle 2θ around the positive real axis R + . See [EN] and [Haa] for more information on this notion. We need the following theorem which is a corollary [Pis3, Lemma 4] of a result of Beurling [Beu] (see also [Fac] and [Hin] ).
Theorem 3.1 Let X be a Banach space. Let (T t ) t 0 be a strongly continuous semigroup of contractions on X. Suppose that there exists some integer n 1 such that for any t > 0
Then the semigroup (T t ) t 0 is bounded analytic.
Moreover, we recall the following lemma, see [DJT, Lemma 13 .12] and [Pis3, Lemma 1.5].
Lemma 3.2 Suppose that X is a K-convex Banach space. Then there exist a real number 0 < ρ < 2 and an integer n 1 such that if P 1 , . . . , P n is any finite collection of mutually commuting norm one projections on X, then
We will use the useful next 'absorption Lemma' which is a variant of [Arh2, Proposition 3.4]. The proof is left to the reader. 
.
We also need the following transfer results of Neuwirth and Ricard [NR] between Fourier multipliers and Schur multipliers. Let G be a discrete amenable group. If ϕ : G → C is a complex function, we denote byM ϕ the Schur multiplier defined by the symbolφ ∈ ℓ ∞ (G × G) defined byφ(g, h) = ϕ(gh −1 ) where g, h ∈ G. Then, for any 1 p ∞, we have
Using the identification (2.2), we see that Theorem 1.1 is a particular case of the following more general result, which improves a part of [Arh2, Theorem 5.1].
Theorem 3.4 Suppose that G is an amenable discrete group. Let (T t ) t 0 be a w * -continuous semigroup of selfadjoint contractive Fourier multipliers on the group von Neumann algebra VN(G). Suppose that E is an OK-convex operator space. Consider 1 < p < ∞. Then (T t ) t 0 induces a strongly continuous bounded analytic semigroup (T
Proof : We consider the associated semigroup Ť t t 0 of selfadjoint contractive Schur multipliers on the space B(ℓ 2 G ). Using (3.4), we see that
In the sequel, we denote by (Ť t )
• the Schur multiplier defined by the adjoint matrix of the matrix of the Schur multiplierŤ t . As the proof of [Arh1, Corollary 4.3] , for any t 0, there exists Schur multipliers S 1,t and S 2,t on B(ℓ 2 G ) such that
is a completely positive unital self-adjoint Schur multiplier on B ℓ 2 {1,2}×G . Note that, for any t 0, we have
By [Ric] (see also [JMX, Section 10 .B] for some related information), for any t 0, the Schur multiplier (W t 2 ) 2 admits a Rota dilation 
We infer that
Id
Let n be a positive integer. We deduce that
For any integer 1 k n, we let
By Proposition 2.1, we deduce that the Π k ⊗ Id E 's are well-defined and form a family of mutually commuting contractive projections on the Banach space L p (M ⊗n , E). Moreover, by [Arh2, Proposition 3.5], the latter space is K-convex. Now, we choose the integer n 1 and 0 < ρ < 2 as in Lemma 3.2. Hence, we obtain that
Furthermore, it is easy to see that
Now, using (3.5), (3.2), (3.6) and (3.7) we obtain that
Hence, using (3.3), for any t 0, we obtain
We conclude by Beurling Theorem 3. 
Semigroups of contractive selfadjoint Schur multipliers
The description of self-adjoint contractive Schur multipliers on B(ℓ 2 I ) (and more generally of contractive Schur multipliers) is well-known and essentially goes back to Grothendieck and was rediscovered by many authors, see [Pis6, Chapter 5] for more information. Here, we give a continuous version of this result which precisely describes the semigroups of Schur multipliers of Theorem 3.5. . This matrix identifies to a matrix [b n,k,i,m,j 
Then it is obvious that the map
is a real-valued negative definite kernel which vanishes on the diagonal of ({1, 2}×I)×({1, 2}×I). By [BCR, Proposition 3.2, Chapter 3] , there exist a real Hilbert space H n and a map ξ n :
We can assume that ξ n 2,1 = 0 for any integer n 1. For any a ∈ R, we have
a. Hence, for any i, j ∈ I, we see that
Since ξ n 2,1 = 0, we infer that ξ n 1,i Hn ) n 1 is a bounded sequence for each i ∈ I. Note that for any i, j ∈ I we have ξ
Thus, for any j ∈ I, we deduce that ξ n 2,j Hn ) n 1 is also a bounded sequence. Now, consider the ultraproduct H = U H n of the Hilbert spaces H n with respect to some ultrafilter U on N refining the Fréchet filter. For any k ∈ {1, 2} and any i ∈ I, let ξ k,i denote the vector of H corresponding to the sequence ξ Conversely, suppose that there exists a Hilbert space H and two families (α i ) i∈I and (β j ) j∈I of elements of H such that for any t 0 the Schur multiplier For any i ∈ I and any n ∈ {1, 2}, we define the vector γ (n,i) of H by γ (n,i) = α i if n = 1 and i ∈ I β i if n = 2 and i ∈ I. [JMX, Proposition 8.17] .
Finally, it is easy to see that (T t ) t 0 is a w*-continuous semigroup.
